







































ON CONNECTION BETWEEN MOMENTUM CUT-OFF
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ABSTRACT
Equivalence between the momentum cut-o regulator and the Schwinger proper-time
regularization is established by introducing a smearing function into the proper-time in-
tegration. We explicitly demonstrate the agreement in the renormalization group ow
equations for the blocked potential as well as the wavefunction renormalization constant.
Using scalar electrodynamics as an example, we illustrate how our formalism preserves all
symmetries and can be extended to other gauge theories.
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I. INTRODUCTION
An essential step in identifying the physical contents of quantum eld theory is the
removal of ultraviolet (UV) divergences which arise due to the presence of interactions.
The procedure, known as renormalization, operates on the use of some regularization
schemes to control the innities followed by a redenition of parameters contained in
the original lagrangian in such a way that the physical quantities are independent of the
choice of regularizations. Although various regularization methods are available, it is often
crucial to employ a procedure which respects all the symmetry properties present in the
original theory. For example, when studying gauge theories such as QCD or QED, a
sharp momentum cut-o regulator would not be appropriate since it explicitly violates
gauge invariance. One therefore resorts to gauge invariant schemes such as dimensional
regularization [1],  function regularization [2], the proper-time method [3], or the
Pauli-Villars procedure for QED [4].
Despite the shortcoming of its non-gauge invariant nature, the sharp momentum cut-
o has proven to be a useful regulator, notably for its common usage in pure scalar theory.
Besides being simple and more physical, when imposed, one not only can easily probe
the divergent structures of the theory, but also derive readily the set of renormalization
group (RG) ow equations which give prediction of how the theory behaves at dierent
momentum scales. The renown RG formalism pioneered by Wilson [5] is based on the
use of this regulator. Moreover, when studying physics in the infrared (IR) limit, one
generally considers an eective low-energy theory by integrating out the short-distance
modes. There, one needs a scale which separates clearly the fast-uctuating modes from
the slowly-varying components.
One way to achieve this separation is by the help of blocking transformation [6]
- [7], in which one denes from the original eld (x) an averaged eld (x) for each
given block of size k
 d





















The desired scale is naturally set at p = k when one uses a sharp momentum cut-o

k





[], which is the eective action parameterized by the averaged eld at









[] which can be interpreted as the generating functional
for one-particle-irreducible Feynman graphs, it provides a useful tool for probing the RG
ow behavior of the theory.
With the advantages illustrated by the sharp momentum regulator, one then inquires
how it can be possible to implement a gauge invariant regularization prescription which
encompasses the features of blocking transformation. Such formulation would have pro-
found implications on a variety of gauge theories: QCD, QED, supersymmetry or quantum
gravity. But most important of all, it may oer new insights to the longstanding issue of
quark connement in the infrared limit of strong interaction since with such approach, one
would be able to write down an eective lower-energy QCD lagrangian upon systematic
2
integrations of the short-distance modes. There will be new higher order interaction terms
which are not present in the original lagrangian, and they may be of great import or even
dominate at the infrared regime, despite the suppression at high energy.
Oleszczuk has demonstrated in [8] how blocking transformation can be achieved in
a symmetry-preserving manner. The methodology of the \operator cut-o regularization"
elegantly presented there relies on the construction of a smooth smearing function (
2
s),
where  is to be identied with the usual UV regulator, and s the proper-time variable.






























With a suitable choice of (
2
s), the conventional cut-o result is recovered.
In the present work, we follow closely the techniques outlined in [8] and generalize the




where k is the scale arising from the blocking transformation and acts as an IR cut-o,
as shall be shown explicitly below. In this manner, any possible divergence originating
from momentum integration, whether of UV or IR nature, will be transformed into a sin-
gularity in s and subsequently regulated by 
(d)
k
(s;). The organization of the paper is as




demonstrate how equivalence between the momentum and operator cut-o regularization
schemes can be established by an interchange of integration order. Physical interpretation
is given for the cut-o . Extending the formalism to non-constant background in Sec. III,
we obtain the one-loop correction to the wavefunction renormalization constant Z
k
() and
show the necessity of employing another smearing function ~
(d)
k
(s;) in order to generate
a RG equation for Z
k
() identical to the momentum cut-o approach. It is found that in
general, a new smearing function is needed for each order of derivative expansion. However,
simplication occurs in the IR limit. In Sec. IV we apply the formalism outlined in Sec.
II to scalar electrodynamics. We shall argue that an interchange of the integration order
involving a variable subject to gauge transformation is inherently a gauge non-invariant
operation. Section V is reserved for summary and discussions. In the Appendix, we show
how cut-o scales can be implemented to the -function regularization in a manner similar
to the proper-time approach.
II. OPERATOR CUT-OFF REGULARIZATION








+ V (): (2:1)




















where  is the blocked eld. For =const., the blocked potential in its properly normalized




















































The prime notations in the integral and V () denote, respectively, integration over re-
stricted space region and dierentiation with respect to . When absent in the integral,
an intergation over the entire domain is implied. The arbitrariness of k gives rise to a RG

























in the independent mode approximation as the continuous feedback between the modes is
neglected [6].
Unfortunately, the derivation of a RG equation based on the use of momentum cut-o
regulator illustrated above is unsuitable for gauge theories since it violates gauge invariance.
Therefore, gauge invariant prescriptions such as -function or dimensional regularizations
are used. However, in utilizing such regulators, the characteristics of RG are obscured.
In particular, one would not be able to locate the IR xed point of the theory. Does
momentum regularization really break gauge symmetry? Can we formulate a scheme which
not only encompasses the cut-o features but also preserves gauge symmetry? In [8],
application of momentum cut-o in a symmetry-preserving manner has been shown to be
possible within the context of proper-time formalism.























which holds for any arbitrary uctuation operator H normalized with respect to the cor-
responding vanishing eld limit H
0
. For bosonic theory, H is a positive denite elliptic
operator and H
 1
denes the propagator. The idea of operator cut-o regularization is to























































































































































Since any k dependence of U
k






































The form of 
(d)
k
(s;) can be deduced by equating (2.10) with (2.5) which is derived using


































































































We shall choose a set of boundary conditions for 
k
(s;) which renders (2.8) nite
throughout the calculation. Setting 
k
(s = 0;) = 0 certainly eliminates the unwanted
UV divergences which appear as s! 0. On the other hand, since we wish to modify only
the UV behavior of the theory while leaving the IR physics intact, it is appropriate to have

k=0
(s ! 1;) = 1. Finally, we demand 
k=
(s;) = 0 since the one-loop contribution
vanishes at the UV cut-o scale , thereby giving back the original bare theory. Solving





















































is the generalized incomplete   function. A direct substitution of 
(d)
k
(s;) into the last



















































































































which reduces to (2.3) upon equating z with the momentum variable p. Thus, a complete
equivalence is established between the momentum cut-o and operator cut-o regulariza-
tion schemes by a judicious choice of 
(d)
k
(s;) given in (2.13).
In the operator cut-o approach, the physical meaning of the cut-o scales can be
































































































































































































































































































































































It's now evident that the eect of  is to bring into the physical spectrum the unitarity-
violating ghost states, which can be seen from the relative negative sign in the modied
propagator. However, in the limit  ! 1, the ghosts decouple from the theory, as they




, the contribution to the self energy using the modied form (2.17)














































































































in agreement with the momentum cut-o procedure.
The operator cut-o regularization method can also be compared with that of Pauli-
Villars, where the UV divergences are controlled by modifying the propagators in a way
such that they decrease rapidly in the high momentum regime. For example, when evalu-


















































where A is the external eld and the auxiliary mass term M
2
acts as the regulator. After
the calculation, with M
2
tending to innity, we are left with the M
2
-dependent terms
having the same divergent structures as that expected in the original theory. By comparing
(2.26) with (2.23), we see that apart from some spurious contribution that vanishes in the
innite  limit, the two approaches are analogous to one another with 
2
playing essentially




Extending the above formalism to nite temperature theory, the one-loop contribution






































































































+    : (2:29)
From (2.27), the nite-temperature RG ow equation in the independent-mode approxi-






























In the operator cut-o regularization where the momentum cut-os are accounted for





































































































































which is equivalent to (2.27) upon identifying z with p.
































































































































III. OPERATOR CUT-OFF AND DERIVATIVE EXPANSION
In the case of a non-constant (x), the one-loop blocked action in general cannot be



















































(), momentum cut-o regularization will rst be employed.






















Taking p and V
00






























































































































where : : denotes the \normal ordering" of operators such that all p dependences are moved
to the left of the -dependent terms. This is a necessary step for evaluating the functional
trace (3.1) since the p integration is to be performed before x. However, instead of the
repeated use of the commutation relations (3.4) and (3.5), higher order derivative terms
can also be obtained via the expansion [8]:
F (@
2
































+   ;
(3:7)
for an arbitrary function F (@
2
), where p is treated as a c number.




























































































































































While the rst term in (3.8) gives back the usual one-loop logarithmic contribution for
the blocked potential U
k































































in agreement with that obtained in [8], [12] and [13] in the vanishing k limit. In addition,
by varying (3.11) with respect to k, the RG equation for Z
k




























































































































































































































































































































where the second and third integrals together contribute to Z
k
(). Once more, with
a proper-time smearing function, the theory can be regulated and connection with the
momentum cut-o scheme be made. However, in order to arrive at the same RG equation
for Z
k

























































































































































































































































































































































































Since the contribution to Z
k
() is UV nite, one can safely take the limit !1.
Thus, with the two smearing functions given in (2.13) and (3.22) for the operator
cut-o regularization, one generates identical RG ow equations for both the blocked
potential U
k
() and the wavefunction renormalization constant Z
k
() as that using the
sharp momentum cut-o. Had we used only 
(d)
k
(s;), the resulting Z
k
() in d = 4 and




































































































is insensitive to whether ~
(4)
k
is used or not.
By comparing (3.23) with (3.12), we notice that the discrepancy in Z
k
() comes from a
mismatch in the numerator for the O(k
4
) contributions which originate from the terms
that are multiplied by p
2
in the derivative expansion, i.e., the last two terms inside the
curly bracket in (3.15). In the RG ow equation, these are quantities which vanish most




as follows: From (2.9), one readily sees that as the p integration is performed, the p
2
-
dependent terms generated from derivative expansion will acquire an extra factor of s
 1
compared with the ones without p
2
dependence. Subsequent s integration using (2.13)




) for each s
 1
. However, when z is equated with p, the







inconsistent. Therefore, to account for those higher order contributions that vanish more
rapidly as k ! 0, 
(d)
k
(s;) clearly needs to be modied.
The new smearing function ~
(d)
k



































provides a faster UV and IR convergence can be seen from the fact that for a






























































Therefore, the larger the n, the more rapid the convergence [8].
However, when dealing with real physical situations the precise form of the RG equa-
tions for the higher order derivative terms derived from the sharp cut-o should not be
taken too seriously. The reason is that the concept of derivative expansion becomes useful
only when one is interested in exploring the large-distance eects in the IR limit. The
expansion of the lagrangian in powers of @

 in the IR regime only generates higher order
corrections to the dominant blocked potential U
k
(). In addition, we have seen that for
k ! 0, Z
k=0
() is the same irrespective of the smearing functions used. Hence, for all








(s;) in computing higher order derivative terms naturally corresponds to a
smooth regulator in the momentum space.
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Another aspect of applying a sharp cut-o in the derivative expansion is the emergence
of non-local interactions as the scale k which denes the sharp boundary between the high




() is reected by the
necessity of incorporating interactions to all ranges, and hence, the simplifying picture of




() is lost. However, the
objection against the use of sharp cut-o in conjunction with derivative expansion can be
overcome by the following argument: In the perturbative approach the loop integrations are
performed between the IR and UV cut-os for summing up an innite number of Feynman
graphs for the partition function. While the UV cut-o is eliminated by renormalization,
we would like to remove the IR cut-o as well in order to consider the theory in the
thermodynamical limit k! 0 where all physical observables take on their limiting values.
The goal of employing a sharp IR cut-o precisely allows us to explore these physical
observables in the vicinity of k ! 0. Whatever non-locality may arise from this sharp
cut-o regularization will also be present in the thermodynamical limit with any other
regularization scheme since the physics in this regime is independent of how one achieves
the elimination of all the high modes [14]. Similar viewpoints can also be found in [15],
where the diculties and inadequacy of choosing a smooth regulator were addressed. In
fact the \most promising" method proposed there coincides with the formalism we have
developed earlier [11] and presented here, namely, a derivative expansion with a sharp
cut-o near k = 0 as the approximation for the low-energy eective theory. As we have
demonstrated, this treatment yields a blocked action of the form (3.2) which is completely
local.
IV. SCALAR ELECTRODYNAMICS
We now apply the methods outlined in sec. II to scalar electrodynamics, the simplest































































are real. Choosing the background eld conguration for




, the one-loop contribution to the blocked action can be

















































































































































































































































denoting the quantum uctuations. Even though blocking is performed
only for the scalar elds here, it can be implemented for the gauge elds as well.
Considering the special case where A
c
= 0 and (x) = const: and working with the































































using the cut-o regularization and neglecting the eect of wavefunction renormalization.
Note that the extra factor of three in the photon loop contribution arises from the trace
of the propagator in the Landau gauge. However, since gauge invariance is known to be






() can be evaluated in a gauge invariant manner.
Employing the formalism outlined in sec. II, we may write U
(1)
k
with the help of (2.13)


































































































































































The theory, however, is plagued by IR singularity due to the presence of massless photons.
One way of regularizing the divergence is to keep k small but nite in the infrared. However,































































































































































































































































































































































































































































































An important point here is that (4.13) is obtained in a completely gauge invariant
manner since the operator cut-o regularization preserves the full symmetries, even gauge
symmetry, of the original lagrangian. The procedure carried out above is merely to transfer
the divergent structures arising from the integration over space-time to the integration
of proper-time parameter s, which is independent of symmetry transformation on the
background elds. The use of 
(4)
k
is solely for the purpose of \technical" convenience to
cope with the singularity in the s integration which is to be performed in the last step.




certain parameters such as  and p.













































































which, upon equating z with p, leads back to that derived using the momentum cut-o
scheme in (4.9). The perplexing puzzle to be solved is that if (4.9) breaks gauge symmetry
while (4.10) is symmetry preserving, how then can they be transformed into one another
as illustrated in (4.15)? Actually, the origin of this seeming paradox lies in the gauge
non-invariant nature of interchanging the order of integrations between s and z. On the
one hand, if z is to be identied with the momentum variable p, it will be subject to
gauge transformation. On the other hand, the proper-time variable s remains unaected
by gauge transformation. If z integration is performed rst as was done in (4.10), one will
be left with the s integration and there is no room for gauge symmetry breaking since
the integrand comprises of gauge invariant quantities. However, if the s integration is
carried out rst as we have done in (4.15), the remaining z integral will be altered by
gauge transformation if the identity z  p is sought. We therefore conclude that gauge
symmetry is violated upon interchanging the integration order with variable that varies
under gauge transformation. As long as the s integral is left to be carried out as the last
integration step, gauge invariance of the regularization procedure is always guaranteed.
In the example illustrated above, although the calculation was done for the case of
vanishing background gauge eld A
c
= 0, one can readily see that gauge symmetry will
remain a good symmetry if the s integration is performed last with its argument involving
A
c
6= 0 being written into a gauge invariant form. On the other hand, if one performs the
s integration with the insertion of 
(d)
k
(s;) before the momentum trace operation, the
argument in the p integration must be gauge invariant in order to have a gauge invariant
blocked action [18]. We remark that although we have found a procedure of evaluating the
trace in a symmetry-preserving manner, the resulting blocked potential U
k
() in general is
gauge dependent. This is due to the presence of the gauge-xing parameter  introduced
for removing the redundant degrees of freedom. Physical quantities, however, are expected
to be gauge independent.
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V. SUMMARY AND DISCUSSIONS
In this paper we have followed the formalism developed in [8] and illustrated the
equivalence between the momentum and operator cut-o regularizations in the spirit of
derivative expansion. The transformation between the two regularizing schemes outlined in







(s;) in (2.13) alone is sucient to reproduce the original cut-o
RG equation for the blocked potential U
k
() in the leading order, for the wavefunction
renormalization constant Z
k
(), a new smearing function ~
k
(s;) (3.22) is clearly needed
in order to provide a more rapid convergence. One can certainly generalize the smearing
function to incorporate terms which are of higher order in the proper time parameter s to
accommodate the fourth order derivative terms and beyond. However, as we have argued,
it is sucient to employ 
(d)
k
(s;) alone in the low energy limit since the dierence is of
higher order and vanishes in the thermodynamical limit.
One very important feature of the operator cut-o regularization is its symmetry-
preserving nature. This makes it accessible to gauge theories as we have illustrated in
Sec. IV for scalar electrodynamics, the simplest gauge theory. The reason is that in the
operator cut-o formulation the space-time singularity is replaced by the singularity in
proper-time variable s which is independent of gauge transformation. By retaining the s
integration to be performed last, one always arrives at a gauge invariant result. Gauge




(s;) and s, a procedure required for recovering the sharp cut-o structure. In other
words, an interchange of the integration order involving variable which is subject to gauge
transformation is inherently a gauge non-invariant operation. In general, an interchange























can lead to a breaking of gauge invariance. This again is due to the fact that one often
evaluates the trace in momentum space by inserting a complete set of states. It would be
interesting to know the precise structure of the operators H and H
0
with which the inter-
change of the trace operation and the s integration becomes permissible while preserving
gauge symmetry [19].
The modications to the propagators in the presence of 
(d)
k
(s;) considered in Sec. II
are observed to be reminiscent to that of the Pauli-Villars. While applicable for the abelian
gauge systems, the Pauli-Villars regularization is no longer a gauge invariant prescription
for non-abelian Yang-Mills systems due to the fact that the eld strength tensor F
a
is
only gauge covariant and not invariant. Thus, gauge symmetry will be broken by adding
higher derivative terms. This also poses a relevant concern for us. However, in a separate
paper [18], we show that a gauge invariant eective Yang-Mills blocked action can be
obtained by replacing the ordinary derivatives by covariant derivatives. Therefore, the RG
ow of Yang-Mills theories can be systematically investigated with our formalism. The
task of implementing the momentum cut-os directly to the formalism which maintains
manifest covariance [20] is also in progress.
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APPENDIX
Operator regularization has also been discussed extensively in the context of -function
regularization by McKeon, Sherry and others [21]. We shall here review briey the formal-
ism and show how via the use of the smearing function 
(d)
k
(s;) the momentum cut-os
can be introduced into the -function formalism in a symmetry-preserving manner.
In the -function regularization, the logarithm of an operator is represented by:























































































































Once more, by demanding that (A.5) yields the same RG ow equation for U
k
() as that





























































































We therefore see that the same 
(d)
k
(s;) can be used for bringing the momentum cut-os
into both proper-time and -function regularizations, although for the latter scheme the



























































































































































































Next, one establishes the connection between the zeta-function formalism with the
20




























































































































































which, upon identifying z with p gives precisely the form one would have obtained by using
the sharp momentum cut-o. In obtaining such an \equality", we rst performed the trace









































and nally taking the limit t ! 0. As in the case of operator cut-o regularization,
interchanging the trace operation and the s integration in general violates gauge invariance
when considering gauge theories. In fact, the disappearance of UV divergence in the -
function regularization also arises from the fact that we interchange too freely the order
operations of the s integration and taking the limit t! 0.
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